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Because of the energy dissipation through internal friction and inelastic collisions between particles, agitated granular
matter is generally speaking in a non-equilibrium state. Therefore it acts as a model system to study systems far from
equilibrium. As such, it can be considered as being a complexstate of matter, which combines properties of the �uid and
of the solid state. In order to provide data for modeling thispeculiar state of matter, we investigate the dynamic behavior
of granular matter under a two-dimensional vibration in twodifferent experimental setups.
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1 Introduction

Sand is a speci�c example for the wide class of granular matter, which can be de�ned as an ensemble of solid particles
interacting dissipatively when in contact. Almost all of the solid materials surrounding us in daily live, in nature andin
industrial processing of bulk solids fall into this class, and thus granular matter has attracted interest from different scienti�c
communities over centuries.

Describing both the static and the dynamic properties of such an ensemble in terms of mathematical modeling is a
great task. Designing an equation analogue to the Navier-Stokes equation for �uids for granular matter is a goal which
will presumably never be reached, partly because of the vagueness of the de�nition of the term granular matter and its
inherent complexity: no grain is like the other. A certain class of laboratory measurements have been speci�cally designed
to facilitate such a modeling, however, and those reported here fall into this class.

Because of the dissipative interaction of granular matter,energy injection is needed in order to �uidize the material.
Among the many different possibilities we concentrate hereon mechanical two-dimensional vibrations, and summarize
the results obtained in two speci�c machines. In the �rst apparatus – a swirling table – both vibration directions are
perpendicular to the direction of gravity [4, 16], while in the second apparatus – a vibratory conveyor – one direction is
parallel, and one perpendicular with respect to the plumb line [20].

As interesting qualitative features of granular matter under vibration, we discuss i) phase transition, ii) transport,
iii) segregation and iv) pattern formation in these two setups.

2 Phase transition

2.1 Solid-�uid transition

Strictly speaking, solid-�uid transition for granular matter means the transition from a solidlike phase to a �uidlikephase.
In the solidlike phase, the particles rarely move; while in the �uidlike phase, they move continuously with respect to their
neighbors. Although this transition is fairly obvious by visual inspection, a more objective order parameter is required in
order to pinpoint this transition. In a former study [39], various order parameters, such as pixel change, granular temperature
and pair distribution function, have been introduced to determine the transition quantitatively. The variation of allthose
order parameters with the strength of driving reveals that this transition is a critical phenomenon. Moreover, it has also
been found that the critical point scales with the driving asA0f 2, whereA0 is the driving amplitude andf is the frequency.
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Fig. 1 (a) Image of a monolayer of 2400 small spheres (�lling fraction � = 0 :46) rolling on a table shaken with an amplitudeA =
1:91cm and a frequencyf = 1 :67Hz . (b) Plot of the corresponding 2D power spectrum (high intensity appearing black). (c) Image of
a monolayer of 4000 small spheres (� = 0 :76) under the same excitation, and (d) its 2D power spectrum. The snapshots are taken in a
square of size 15 cm at the center of the cell. The intensity change of the overlays in the 2D power spectra indicates the transition from
a �uidlike to a solidlike phase. (e) Evolution of the �lling parameter� with the �lling fraction indicates that the transition is a critical
phenomenon. After Auma�̂treet al., 2003 [4].

This is reminiscent to the case of vertical vibrations [14,25,28], where �uidization starts as the normalized peak vibration
acceleration� = 4 � 2f 2A=g is of the order of 1.

By combining two horizontal vibrations that are perpendicular with each other, one could generate a swirling motion
to drive the granular matter. With this type of driving, all the points of the swirling container perform the same type of
orbit motion and the energy injection through collisions between particles and the container wall is the same at different
phases. Utilizing the swirling apparatus, Schereret al. investigated the dependance of granular dynamics on the number
of particles [45]. As the number density increases, particles become less mobile due to the more frequent collisions. As
the number density goes beyond a certain value, a solidlike cluster will form (as shown in Fig. 1(c) [4]). This transition
can be reproduced by molecular dynamics simulations based on a nonlinear repulsive force model and the solidlike cluster
dynamics can be captured by a `Pancake' model [45]. In a laterstudy [4], this transition was also characterized by the
Fourier space representative of the snapshots. As shown in Fig. 1(b)(d), crystallization of the particles is clearly indicated
by intensity peaks along the azimuthal direction in thek space. Choosing the peak value of the intensity variation� as an
order parameter, a critical solid-�uid transition point could also be extrapolated. Moreover, this investigation indicated that
this transition acts as a precondition for segregation.

2.2 Rotation-reptation transition

Associated with the solid-�uid transition, the dynamical behavior of granular matter under swirling motion may also change
dramatically. Schereret al. [44] found that the sense of rotation of a swirling granular cluster will change with the packing
density. At lower packing densities, the cluster rotates inthe same sense as the swirling container (rotation mode). At
higher packing densities, the rotation changes its direction and the diffusivity of particles within the cluster is dramatically
reduced (reptation mode).

Recently, Feltrupet al. [16] reconsidered the rotation of swirling granular clusters under a broken rotational symmetry
of the container. This study reveals that, except for the rotation and reptation motion, granular particles might rotate in a
`snake mode' at relatively low packing density. As shown in Fig.2, particles tend to form a chain like cluster that travels
along the container wall with the same frequency and direction as the driving. When the particle number is higher than a
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Fig. 2 Depending on the �lling fraction, there exist three different
modes of two dimensional granular matter under swirling motion:
a snake mode, a rotation mode and a reptation mode. Solid lines
correspond to tracer particle trajectories. Particles surrounded by
circles correspond to the ends of the tracks. The solid line in the
plot serves as guide to the eyes. After Feltrupet al., 2010 [16].

Fig. 3 Stack plot of swirling wet particles before (red parti-
cles, lower stack), during (thick blue circles) and after (thin
black circles, highest stack) an intermittently occurringrear-
rangement process, in which sublimation plays a crucial role.
Particle diameter d=4 mm, liquid content W = 1%, swirling fre-
quency f=1.67 Hz and swirling amplitude A=1.59 cm.

certain value, the beads start to pile up in the radial direction, entering a so-called rotation mode. The cluster still rotates
counterclockwise but with a lower frequency than the driving. As the particle trajectories indicate, the motion of particles
within the cluster is more random. Further increase of the particle number slows down this rotation, until, at a critical
particle numberNc, the rotation stops. Beyond this particle number, the cluster starts to rotate in the opposite direction,
performing a motion called `reptation'. A detailed description of the second and third motion can be found in Ref. [44].

Molecular dynamics simulations based on the Hertzian contact model [29] have been used to study the rotation-reptation
transition [44]. It suggests that the change of dynamical structure of the cluster, which depends on the packing density,
might play a role in the rotation-reptation transition. Simulation results show that at low packing density, the diffusion
coef�cient stays constant at a high value. As the packing density increases to the value that the granular cluster reptates, it
starts to decrease linearly with the number of �lled particles. The reduced mobility of particles indicates that the rotation-
reptation transition is related to the transition from a �uidlike phase to a solidlike phase.

In order to understand the essence of rotation-reptation transition, the dimensionality of the apparatus was reduced to
a quasi-one-dimensional annulus [46]. The swirling annulus experiment indicated that the physics of one dimensional
collisions is suf�cient to explain the effect, namely by proposing a `free path restriction' mechanism. At low packing
densities, single trajectories of the spheres are not disturbed by frequent collisions with neighbors, so that the travel distance
in the driving direction is greater than that in the other direction. This results in a continuous forward drift with some
�uctuations. If the particle number is increased, the variance of the drift applied to the particles at different locations
within the cluster becomes more signi�cant. Therefore collisions between adjacent particles are more frequent and more
energy is dissipated while swirling. The rotation speed of the cluster reduces until, at a certain point, the forward motion
is completely restricted and reptation motion dominates. The competition between forward and backward movements also
leads to the �uctuation of the single particle trajectoriesand longitudinal density waves.

The rotation-reptation transition is a robust phenomenon.This was demonstrated by breaking the symmetry of the
swirling table with some �xed obstacles. In this situation,the rotation reptation transition still exists, however itoccurs
at a lower packing density [16]. As the obstacle is �xed closeto the border of the container, the rotation of the cluster
gets more inhibited and the rotation-reptation transitiontends to occur at lower number densities. It's trivial to seethat
as the distance between the obstacle and the container wall doesn't allow one particle to pass through, the `snake mode'
is completely suppressed. Surprisingly, it was found that placing the obstacle at the center of the container can actually
accelerate the rotation frequency over a large range of number densities. This feature has been found to be related to the
driving mechanism of the cluster. Under swirling motion, the cluster collides regularly with the container wall and obtains
energy there. Thus one can speculate that the number of particles at the layer closest to the container wall determines the
rotation speed of the cluster. From experimental data, Feltrupet al.(2009) compared the cluster rotation frequency and the
number fraction of particles at the container wall and foundan interesting correlation. Thus the speed-up of the rotation
with an obstacle can be understood, because the obstacle acts as an additional motor for the cluster rotation.
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2.3 Sublimation of swirling wet granular matter

In nature, the �ow of granular matter, such as propagation ofsand dunes, landslides etc., is always in�uenced by humidity
to some extent. In chemical or pharmaceutical industry it isof tremendous importance to the ef�ciency of the production
line to control or prevent agglomeration of granular materials due to humidity. This topic has drawn special attention from
scientists over decades [27, 36, 41]. More recently, with the advance of our knowledge on wetting and de-wetting, there is
a growing interest in understanding the dynamical behaviorof wet granular matter in terms of particle-particle attraction
arising from the formation of capillary bridges [23, 34, 43]. Depending on the amount of wetting liquid, the wetting of
particles can be characterized into three different regimes. In the �rst regime, the �lm thickness of the wetting liquidis
within the roughness of particles: only small capillary bridges forming between asperities of neighboring particles dominate
the cohesion. In the second regime, the covering liquid �lm is thick enough to form one capillary bridge for each contact
and the curvature of the particle instead of the asperities dominates the capillary force. In the third regime, the amount
of wetting liquid is suf�cient to connect various capillarybridges into liquid clusters. The cohesive force in wet granular
matter is much stronger than the gravity of the particles with an averaged size no more than few millimeters, so that the
angle of repose doesn't exist for a pile of wet sand [24]. Besides applications in industry, wet granular matter may also act
as a model system to study systems far from equilibrium, because of the strong energy dissipation due to the rupture of
liquid bridges and inelastic collisions between particles[17].

Due to cohesion, the dynamics of wet granular matter under swirling motion is dramatically different from that of dry
particles described above. Instead of following the orbit motion of the container as dry particles, wet spheres tend to form
rigid clusters that stick to the border of the container (spheres painted red in Fig.3). This rigid cluster will rearrange itself
via intermittent sublimation processes towards a �nal state (black spheres in Fig.3). The mechanism that triggers the failure
of the rigid cluster and the phase transition from a solidlike to a gaslike state is a focus of current investigations.

2.4 Sublimation driven by vertical vibrations

Coexistence of different phases is known to accompany the �uidization of granular material. For example, submitting a
two-dimensional vertical packing of beads to vertical or horizontal vibrations �uidizes the upper layers, while the lower
lying material still maintains a crystalline structure [9,18,22,39].

Now we focus on granular phase transitions driven by the circularly vibratory conveyor [20]. Through the construction
of a ring-shaped vibrating channel, the long-time dynamicsof a closed, mass conserving system devoid of disturbances
from the in�ux and outpouring of grains can be studied. The main piece of the vibratory conveyor is a torus-shaped
vibrating channel of light-weight construction (carbon �ber strengthened epoxy) with an average diameter of 450 mm
and a channel width of 50 mm. Firmly connected to the channel are four symmetrically arranged rotating vibrators. The
complete oscillation system, the channel and drivers, are suspended with elastic bands in a highly adjustable frame.

The driving of the vibratory conveyor is done by an electric motor with integrated frequency inverter. The above is
connected via compensation clutches to the vibrators. The excitation results from the simultaneous counter rotation of
unbalanced masses, which are coupled with a gear (see the inset of Fig. 5). If two synchronously acting linear vibrators are
oriented perpendicularly, then - through appropriate choice of the phase shift between the two - the shape of the vibration
can be chosen and numerous Lissajous �gures (linear, circular, elliptical) can be produced. The phase can be adjusted
through the choice of angle at which the unbalanced masses are mounted (for example 90 degrees for circular vibration).
One great advantage of the annular vibratory conveyor is thepossibility to make the solid phase rotate to demonstrate that
the coexistence of solid and �uid regions is not caused by small potential inhomogeneities in the forcing, particle container
interactions or a tilt of the apparatus.

For the experiments [20] a densely packed monolayer of 21 500spherical basalt glass beads (density� = 3 :0 g=cm3)
with diameterd = 1 :18� 0:03mm was prepared on the channel �oor. The granular system was observed from the top via
a conical mirror placed in the center of the ring, similar to Ref. [53]. Thus a side view of the whole channel was captured
with a single high-speed digital camera 2 (resolution:1280� 1024 pixels at rates up to 500 images per second). Digital
image processing delivers360� panoramic side views of the granular pro�le in the channel aspresented in Fig. 4.

To provide deeper insights into the mechanism, experimentswere modeled using a three-dimensional molecular dy-
namics simulation applying an event-driven algorithm described in Ref. [5]. The entire channel moved both vertically and
horizontally with the same values of frequency and shaker amplitude as in the experiment. The parameters characterizing
changes in relative surface velocity for both particle-particle and particle-wall collisions were the coef�cient of sliding
friction � = 0 :5 and the maximum rotational coef�cient of restitution� 0 = 0 :35. These values were chosen because
they successfully reproduced surface wave patterns observed in vertically vibrated granular media [5]. To match the min-
imum layer depth required for surface wave formation in experiment the coef�cient of normal restitution for interactions
between particles,e, was set to 0.97. The coef�cient of restitution with the walls was the only �t parameter and a value
of 0.93 was found to quantitatively reproduce the experimental results. To prevent inelastic collapse the coef�cient of
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Fig. 4 Snapshots through the inner side wall of a ring shaped
channel driven by the vibratory conveyor covering 360 degrees
during the downwards motion of the container. Time increases
from top to bottom by 1.72 s (20 cycles) between consecu-
tive snapshots. For clarity all images are stretched in the ver-
tical direction by a factor of 4. (f=11.6 Hz,� =1.23.) After
Götzendorfer, 2005 [20].

Fig. 5 Normalized transport velocityv� of a granular �ow (�
300 000 glass beads with 1 mm diameter, see inset) on the vibra-
tory conveyor with circular vibration, compared with the mean
velocity of one single glass bead.

normal restitution for both types of collisions approachesunity as the normal velocityvn approaches zero according to
max(e;1 � (1 � e)(vn=

p
gd)3=4) [5].

3 Transport

The combined action of vertical and horizontal vibration ofthe support has been utilized already for a long time for the
controlled transport of bulk cargoes in a whole variety of industrial processes [35,38,51]. So-called “vibratory conveyors”
are well established in routine industrial production for controlled transport of bulk solids. The transported goods can
thereby be moved through three different mechanisms in the desired direction: (a) sliding of the particles by asymmetric
horizontal vibration (“gliding principle”), (b) ballistic trajectories of the particles caused by inclined linear oscillation
(“throw principle”), and (c) horizontal transport throughvertical vibration of a support with an asymmetric saw tooth
pro�le of the base (“ratchet principle”).

For the transport experiments the channel was loaded with 450 g of carefully sieved glass beads with mean diameter
1.1 mm. The layer thickness of the grains was about �ve particle diameters. The average transport speed was determined
from the time of circulation of a colored tracer particle that the bulk carried along. This occurs automatically througha
PC supported image processing system that detects the signal changes from the passing of the tracer through a row of the
image and records the associated transit time.

Surprisingly, the mean transport direction depends, for circular agitation, on the amplitude A and frequency f in a
characteristic manner (see Fig. 5). Below a critical value� = 0 :44, the transport is impeded through static friction. Above
this threshold, the bulk velocity initially increases before reaching its �rst maximum at� = 1 :1, with half the circulation
speed of the circular motion. Increasing the excitation further leads to a deceleration of the granular �ow, actually reversing
its direction of motion in the range2:70 < � < 4:01. This alternating behavior repeats itself at still higher� .

For industrial applications, this observed reversal effect is relevant as the direction of a granular �ow can be selected
through the frequency of the excitation alone. One can employ such two-way conveyors for example in larger cascading
transport systems as control elements to convey the material to different processes as needed.

4 Segregation

Particles of various size or density might segregate while moving [28]. The so called Brazil nut effect is one example: big
brazils are always seen on top of other nuts after shaking a mixture [40]. Granular �ow on an inclined surface, reminiscent
to the case of landslide or avalanches, will also lead to segregation and formation of strip patterns [37]. Utilizing theBrazil-
nut effect, avalanche balloons are developed in order to reduce the possibility for skiers to be buried by avalanches (see for
example [1]). Not only in nature and our daily lives, segregation of particles is also of great importance to the processing of
powders in industries [11]. In the past two decades, there has been an upsurging number of laboratory experiments to unveil
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the mechanism of the segregation driven by vertical vibrations or rotation [7, 26, 30, 31, 33, 48, 54]. Counterintuitively, it
has been found that large light particles might sink under vertical vibrations while in the meanwhile equally sized heavy
particle rises [6, 49, 50]. By testing a number of different combinations of particle size and density, Breuet al. studied
the dependance of the transition from Brazil-nut effect to its reverse on the particle size and density ratio [6]. The switch
between different effects was found to be also sensitive to the external excitations, which suggests the possibility tocontrol
the demixing direction by tuning the driving parameters.

Here we focus on the segregation of particles agitated horizontally, where gravity driven �ow doesn't play an important
role in the segregation process. Auma�̂reet al. investigated the segregation of a binary mixture and monolayer of small
spheres and larger disks driven by swirling motion [3]. After a certain time interval, the initially hexagonally located large
disks are found to collapse into clusters that tend to stay atthe center of container. This phenomenon can be understood
by the idea ofexcluded volume depletionas in colloid systems [13]: As larger disks organize themselves into clusters,
the excluded volume for small spheres around larger disks isreduced, which means more possible con�guration states,
or an entropy gain of the system. From the decay of nearest-neighbor distance with time, a mean collapse velocity could
be obtained. The mean collapse velocity of the disks is foundto increase exponentially with the driving frequency. By
�xing large disks at their initial con�guration, they measured the pressure density distribution within the container. It was
shown that the granular gas pressure, de�ned asP(r ) = n(r )mv2

rms (r )=2, wheren(r ) denotes the local particle density, is
smaller between the disks than outside the array. The fact that small spheres don't follow the pressure gradient and create
higher particle density within the array indicates that there should exist a net force acting on the larger cylinders pushing
them to the center of the container. Based on kinetic gas theory, they derived an effective collision frequency which gives
a characteristic time scale for the collapsing process. Using this time scale, the growing of the average number of contacts
at various driving frequencies collapses on a single curve.

In a following investigation [4], Auma�̂treet al. studied the demixing of bidisperse spheres under swirling motion. For
various driving amplitude and frequency, a critical �llingfraction above which segregation occurs was observed. Moreover,
the threshold for segregation was found to be associated with the �uid-solid like phase transition of the spheres. Using
the normalized intensity of the power spectrum of the snapshots of small spheres as order parameter (similar to the case
shown in Fig. 1), they measured the �uidlike to solidlike phase transition and found that the critical �lling fraction for phase
transition is slightly lower than that for segregation, leading to the conclusion that granular phase transition is a precondition
for segregation. During the solidi�cation process, small spheres try to lock larger spheres in the solidlike phase so asto
minimize the energy input, because larger spheres will pickup more energy while colliding with the container wall. It
was concluded that the main mechanism for size segregation is the compression force exerted by the lateral boundary and
mediated by the developing lattice of the smaller spheres.

Within the concept for depletion force, the segregation of bidisperse particles could be explained. Turning to the case
of one intruder particle, Schnautzet al. studied the Brazil-nut effect and its reverse in a swirled setup [47]. The intruder
was observed to migrate either to the center or to the border of the container, provided that a critical �lling fraction was
reached (as shown in Fig. 6). By quantitative characterization of the temporal evolution of the intruder position, they
found that heavier particles tend to be pushed to the center while lighter ones move to the opposite direction. The critical
ratio determining the Brazil-nut effect or its reverse measured by experiments was found also in numerical simulations.
Based on the comparison between experiments and theory, it was concluded that neither gravity, nor interstitial air, nor
surface properties of the spheres are relevant for the migration process. The key to understand the Brazil-nut effect inthis
horizontal driven system is the density gradient along the radial direction (high density in the center and low density near
the boundary).

5 Pattern formation

Pattern formation of vibro�uidized granular matter has been a topic of interest since the 18th century [8, 15] and has
intrigued a growing interest in the past decades [2, 5, 10, 12, 19, 28, 32, 42, 52]. Some of the patterns are reminiscent
to those observed in normal Newtonian �uid, while others, such as the two dimensional localized excitations (so called
`oscillons') [52], are dramatically different.

Driven by the circularly vibratory conveyor, localized waves have been observed in an annular channel within a certain
range of granular layer thickness [21]. The panoramic view of the wave patterns delivered by a conic shaped mirror (as
shown in Fig. 7) reveals the subharmonic feature of the wave packets. Moreover, depending on the height of the granular
layer, the wave packet may travel along the channel with different direction and velocity. A one dimensional Navier-Stokes
like model was used to capture the dependance of the length and traveling velocity of the wave packets with the layer
thickness.
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Fig. 6 Horizontal Brazil-nut effect and its reverse.
Snapshot of 1600 glass spheres (diameter d=6 mm, �ll-
ing fraction � = 0.68) in a swirling dish of diameter
D=29 cm. After several minutes of horizontal swirling
agitation, nine selected intruder particles made of var-
ious materials with different sizes are driven either to
the center of the container or to its boundary. Shaker
amplitude A=1.91 cm and frequency f=1.67 Hz. After
Schnautzet al., 2005 [47].

Fig. 7 Localized subharmonic pattern in a circularly vibrated
granular bed. Panoramic snapshots through the inner sidewall
of the channel. Time increases from top to bottom in steps of
half a forcing period. For clarity, the images are stretchedver-
tically by a factor of 3.5. Layer of particlesH 0 = 12. After
Götzendorfer, 2006 [21].

6 Summary

To summarize, we reported on recent advances in understanding the dynamics of granular matter by focusing on two special
experimental setups: a horizontal swirling table and a circularly vibrating conveyor. Like all research in granular matter,
these studies are motivated by the ubiquity of granulate in nature, its interesting and often counterintuitive dynamics, and
its industrial applications.
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